The fluctuation energy is derived from adiabatic random fluctuations due to the secondorder perturbation theory, and the evolutionary relation for it is expressed in the form of ρ f = ρ f (ρ), where ρ and ρ f are the densities of ordinary dust and the fluctuation energy, respectively. The pressureless matter as a constituent of the universe at the later stage is assumed to consist of ordinary dust and the fluctuation energy. Next, cosmological models including the fluctuation energy as a kind of dark matter are derived using the above relation, and it is found that the Hubble parameter and the other model parameters in the derived models can be consistent with the recent observational values. Moreover, the perturbations of ρ and ρ f are studied.
Introduction
At the later stage of the universe, the main constituent is considered to be a pressureless matter consisting of ordinary dust. It is well known that the universe has random fluctuations in its density which were caused by quantum fluctuations at the early stage [1] [2] [3] [4] [5] , and their amplitude and spectrum have been studied through precise mesurements of fluctuations in the cosmic microwave background radiation (CMB) by WMAP [6] and Planck [7, 8] collaborations. However the mean energy density corresponding to the fluctuations has not been derived, and so their dynamical influence on the universe has also not been clarified yet.
In a previous paper [9] , we tried to derive the energy density of random fluctuations using the general-relativistic second-order nonlinear perturbation theory [10, 11] , in which the random density fluctuations are given as the first-order density perturbations with the specified spectrum, and the homogeneous energy density ρ f was derived as the (spatially) averaged value of the second-order density perturbations. Moreover, the corresponding second-order metric perturbations and its spatial average were also derived. By adding the contribution of second-order homogeneous perturbations to the background model parameters, we renormalized the model parameters from the background ones to modified ones. As a result of this procedure, we found the possibility of solving the Hubble-constant problem, in which the contradiction between the measured Hubble constant and the background Hubble constant was shown [7, 8, [12] [13] [14] [15] [16] [17] . In the previous paper, it was found that the renormalized Hubble constant can become nearly equal to the measured Hubble constants.
In this paper, we treat the fluctuation energy as a kind of dark matter and construct cosmological models involving it as part of the constituent. In Sect.2 we express the fluctuation energy density ρ f as a function of the ordinary dust density ρ, using the result of calculations in the second-order perturbation theory in the basic background models. In Sect.3, we derive cosmological flat models including pressureless matter whose density is the sum of the densities of ordinary dust (ρ) and the fluctuation energy (ρ f ). The revised model parameters in these models are compared with those in the basic models without the fluctuation energy.
In Sect. 4, we discuss the perturbations in the models with the fluctuation energy. In Sect.5, we give some concluding remarks. In Appendix A, the formula of the fluctuation energy is shown. 
Evolutionary relation for the fluctuation energy
and
where
ρ b is the density of ordinary dust in the basic background models, H b 0 is the Hubble parameter H b at the present epoch t b 0 , and 8πG = c = 1. In the previous paper [9] , only Model 1 was taken as the background model. Here we also consider Model 2 for reference. The Hubble parameter H b satisfies
Using the transfer function (BBKS) for cold dark matter adiabatic fluctuations [5] , we derived the second-order density perturbations δ 2 ρ, and the spatial average δ 2 ρ as a function of the cosmic time t b in the previous paper. The formula for δ 2 ρ is shown in Appendix A. The latter is represented here as the fluctuation energy ρ f (≡ δ 2 ρ ). In this paper, we eliminate t b from ρ f and ρ b , and represent ρ f as the evolutionary function (ρ f (ρ b )) of ρ b . Moreover, the ratio of their values is expressed as
The value β at ρ b → ∞ vanishes and the present values are Model 1:
for (0.22
, and
for 0.982 ≥ 1/u ≥ 0 (0.6 ≥ a b ≥ 0), where a b is the scale-factor with the present value a b 0 = 1. Model 2:
for (0.24) −1 ≥ 1/u ≥ 0.9 (1 ≥ a b ≥ 0.6), and
for 0.900
Cosmological models with the fluctuation energy and the model parameters
To derive a spatially flat model with the fluctuation energy, we consider the line element
where the Greek and Roman letters denote 0, 1, 2, 3 and 1, 2, 3, respectively. The conformal time η(= x 0 ) is related to the cosmic time t by dt = a(η)dη. In this paper, the fluctuation energy is regarded as a kind of dark matter, and is assumed to move together with ordinary dust. Then the velocity vector and energy-momentum tensor of pressureless matter are expressed in comoving coordinates as
with ρ T ≡ ρ + ρ f , where ρ T , ρ, and ρ f are the total density of pressureless matter, the ordinary dust density, and the fluctuation energy density, respectively, and we assume
as the approximate equation of state for the fluctuation energy, where the function β(ρ) is specified by Eq. (5) with Figs. 1 and 2, and Eqs. (7) ∼ (10).
From the Einstein equations, we obtain
and the energy-momentum conservation (T µν ;ν = 0) gives the relation
where a = 1 at the present epoch (t = t 0 ) and a prime denotes ∂/∂η. In the previous paper [9] , the renormalization of the Hubble constant was done using the spatial average of the secondorder metric perturbation. In this paper, the Hubble parameter is derived only through 3/14 considering the fluctuation energy ρ f as the part of the total energy. Then the Hubble parameter H(≡ȧ/a = a ′ /a 2 ) satisfies
and we have the relations for the model parameters
where H 0 is H at the present epoch (t 0 ). This model reduces to the basic background models in Sect. 2 in the limit a → 0, because ρ f /ρ → 0.
4/14 From Eqs. (15) and (18), the equation for a is
and a(t) is determined by specifying Ω M , Ω Λ , and H 0 , and solving this equation. Now let us derive the model parameters (
in the basic models. Here the Hubble parameters are represented by H and H b at epochs with scale factors a and a b , respectively, and their ratio α is expressed as
using Eqs. (4) and (17) . This equation is rewritten as
At the present epoch with a = a b = 1, we have
where (α 0 , β 0 ) is the present counterpart of (α, β) and
Here we express Ω M d , Ω M f , and Ω Λ in terms of Ω b M and Ω b Λ . Using Eq.(23), we obtain
Using Eq.(24), moreover, we obtain
For the density parameter of the pressureless matter
and for ordinary dust, we have
Here we consider the correspondence between the ordinary dust density in the model with ρ f = 0 and that in the basic model (ρ f = 0), so that we may clarify the additional effect of the fluctuation energy. First we take the correspondence in which the present densities of ordinary dust are equal, i.e.,
Then we obtain X = 1 + β 0 and 
where β(ρ) is given by Eqs. (7) - (10), and
To evaluate α in the past for (ρ/ρ b ) 0 = 1, we take the correspondence between a and a b , in such a way that ρ/ρ b = 1 also in the past. Then we have
so that β → 0 and α → 1 for a → 0. To evaluate α in the past for (ρ/ρ b ) 0 = 1, we take the correspondence in such a way that
Then we find that ρ/ρ b → 1 and β → 0 for a → 0, and from Eq. . At the early stage with a < 0.6, the role of ρ f is effective and α increases with a, but at the later stage with 1.0 > a > 0.6, Λ is dominant and α decreases slowly after a peak.
The a dependences of 1/u, β and α in the case of (ρ/ρ b ) 0 = 1 are also found to be similar to those in the case of (ρ/ρ b ) 0 = 1, owing to the above correspondence. Here the a dependence of α in the case of (ρ/ρ b ) 0 = 1 for Model 1 (with the model parameter (34)) is shown in Fig.  6 .
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Moreover, let us define the time-dependent model parameters Ω M (t) and Ω b M (t) (representing those in the past) by
Then Ω M = Ω M (t 0 ) and Ω b M = Ω b M (t 0 ), and we have the ratio
This ratio tends to 1 for a → 0. The a dependence of Ω M (t)/Ω b M (t) is shown in Fig. 7 for the model parameter (33).
It is concluded, therefore, that at the later stage the models with the fluctuation energy can have a Hubble constant (H 0 = 73 ∼ 74 km s −1 Mpc −1 ) larger than that (H b 0 = 67.3 km s −1 Mpc −1 ) in the basic models, while, at the early stage with large densities, both models have the same Hubble constants (in such a way that H/H b → 1 for a → 0). This shows that the Hubble-constant problem [7, 8, 12, 13, [15] [16] [17] can be solved by taking the fluctuation energy into account.
Perturbations in cosmological models with the fluctuation energy
The behaviors of linear perturbations in the cosmological models with pressureless matter are well-known and expressed using the gauge-invariant treatment [18, 19] .
Here we assume that the accurate background model has been obtained and consider the perturbations to it. The gauge-invariant density perturbation ǫ T for the total density ρ T (≡ ρ + ρ f ) satisfies the equation
The evolutionary relation for the fluctuation energy is assumed to hold in the weak inhomogeneities. Then the gauge-invariant density perturbation ǫ for ordinary dust satisfies
and the perturbation ǫ f of the fluctuation energy is expressed as
At the early stage of β ≪ 1, ǫ ≃ ǫ T and ǫ f ≪ ǫ, but at the later stage of β ∼ 1, ǫ and ǫ f are comparable.
Concluding remarks
The existence of random fluctuations is beyond doubt and their amplitudes are also wellknown [1] [2] [3] [4] [5] . We must take their energy (the fluctuation energy) into account, to clarify the dynamical evolution of the universe. This paper is the first step to considering it as a kind of dark matter. At the stage of a ≪ 1, the fluctuation energy ρ f is negligibly small compared with the density ρ of ordinary dust, but at the present epoch it occupies about 36 ∼ 41% of the 8/14 total density of the pressureless matter, depending on the basic models. The fluctuation energy was considered in this paper as part of the dark matter, which cannot be touched but contributes to the formation and evolution of astronomical objects at the later stage. The essential difference between the model with the fluctuation energy and the basic models is the quantitative large change in the dark matter.
In this paper we tentatively adopted Model 1 and Model 2 as the basic model, to derive the fluctuation energy using the second-order perturbation theory. The derived model parameters depend sensitively on their basic model parameters, the present ordinary dust density ratio (ρ/ρ b ) 0 , and the upper limit x max for the integrations A and B (in Appendix A). Therefore, they should be selected, so that the derived model parameters may be fitted as well as possible with the observational ones.
In the previous paper [9] , we took the effect of fluctuation energy into account, by renormalizing the model parameters of a basic background model due to adding the second-order 9/14 density and metric perturbations to the background quantities. That method is different from the present one in which the cosmological models are constructed by taking the fluctuation energy into account as part of pressureless matter. However, we could obtain similar model parameters that are consistent with their observational values. The accuracy for the second-order perturbations ρ f (≡ δ 2 ρ) is good at the early stage of the universe, because β ≡ ρ f /ρ ≪ 1, but it becomes worse with the expansion of the universe. At the present epoch, β is still smaller than 1, but not so small, i.e. 0.552 and 0.685 for the two basic models as Eq. (6) shows. So, to derive a more accurate model at the stage of a ≃ 1, we should correct β(x) in Eq.(7) -Eq.(10), by constructing the higher-order general-relativistic perturbation theories.
The contributions of the super-sample modes (i.e. the large-scale modes longer than the survey scales) to the mean density fluctuations and the power spectrum in the finite-volume survey have recently been studied by several authors. [20, 21] They are not equal to the backreaction of long-wavelength random fluctuations, but they may be closely connected with it, 10/14 and so with the present analyses. If so, the general-relativistic second-order perturbations, or the nonlinear perturbations in the post-Newtonian approximation may play important roles also in their treatments (in the similar way to our treatment in the previous paper [9] ). This is because the large-scale modes cross the Hubble-scale length during their evolution from the very early stage to the present epoch. [22] Acknowledgement
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11/14 A. Second-order density perturbations corresponding to the first-order random fluctuations
In the Sect. 3 of the previous paper [9] , we obtained the formula for the spatial average of the second-order density perturbations in the basic models. It is expressed as
where P R0 = 2.2 × 10 −9 ,ρ = ρ + Λ, H b 0 = 100h, and K eq ≡ k eq /H b 0 = 219(Ω b M h). 
where x ≡ k/k eq for the wave-number k, and the upper and lower limits of the integrations are specified by x max = 5.7 and x min = 0.01.
12/14 The definitions of Y (a), and Z(a) are found in the previous paper [9] .
